Continuous selections, collectively fixed points
and weakly T-KKM theorems in GFC-spaces

Phan Quoc Khanh
Department of Mathematics, International University of Ho Chi
Minh City, Linh Trung, Thu Duc, Ho Chi Minh City, Viet Nam.
E-mail: pgkhanh@hcmiu.edu.vn

Vo Si Trong Long
Department of Mathematics, Cao Thang Technology College,
Ho Chi Minh City, Viet Nam. E-mail: vstronglong@gmail.com

Nguyen Hong Quan
Department of Mathematics, Information Technology College of
Ho Chi Minh City, Hoa Thanh, Tan Phu, Ho Chi Minh City, Viet Nam.
E-mail: nguyenhongquanl1978@gmail.com

Abstract: We prove theorems on continuous selections, collectively fixed points,
collectively coincidence points, weakly T-KKM mappings and minimax inequali-
ties in GF'C-spaces. Each of them is demonstrated by using its preceding asser-

tions. Our results contain a number of existing ones in the recent literature.

Key words: Continuous selections, collectively fixed points and coincidence

points, weakly KKM theorems, minimax inequalities, GFC-spaces

Mathematics subject classification: 49J40, 54C65, 47HO04, 91B50, 54H25

1 Introduction

Continuous selection theorems play an important role in nonlinear analysis and
applied mathematics. Since the first well-known result on continuous selections
of [20], many international efforts have been made to develop sufficient conditions
for the existence of continuous selections (and their applications) in increasingly

general settings: paracompact spaces [4], C-spaces [13], G-convex spaces [21, 26],



L-convex spaces [6], C*®-spaces [26] and FC-spaces [9].

Collectively fixed points along with collective coincidence points are natural
extensions of fixed points, which have been applied in the existence study for
almost all areas of mathematics. First result in this direction appeared in [24].
So far, this topic has been much developed under different assumptions and un-
derlying spaces: convex subsets of topological vector spaces [1], L-convex spaces
(6], G-convex spaces [7, 26] and FC-spaces [10]. In most of the mentioned papers,
continuous selection theorems are the tool for the proofs and various applications
are also discussed.

Another kind of existence theorems, which has also been attracted an increas-
ing attention is KKM-type theorems. These theorems have been extended and
improved in connection with generalizations of relaxed convex structures. In [12]
a pure topological version of the classical KKM theorem was proposed replacing
convex hulls by contract subsets. The above encountered G-convex space (intro-
duced in [22]) and FC-space (proposed in [8]), among others, are continuations
of this idea and also used to develop KKM-type theorems and related existence
theorems. Very recently, in [11, 14-18] a GFC-space structure was proposed to
include most of the above mentioned generalized convex settings and to investi-
gate KKM-type theorems along with many related existence theorems like those
on fixed points, coincidence points, saddle points, maximal elements, intersection
points and alternative and minimax theorems. Furthermore, in [2, 23] weakly
KKM theorems were established in G-convex spaces and FC-spaces.

However, we have not observed considerations which directly relate theorems
on continuous selections or collectively fixed points to KKM-type theorems and
KKM properties in general. Motivated by the above papers and this observation,
the aim of this paper is to extend and improve some theorems of the mentioned
three groups, namely theorems on continuous selections, collectively fixed and
collective coincidence points, weakly KKM mappings and minimax inequalities,
all in a GFC-space setting and in a close relation that each result is proved by
its preceding results. Comparisons between our theorems and many previously
existing ones are also provided.

The layout of the paper is as follows. In the rest of this section we recall
the needed definitions. Section 2 is devoted to continuous selections and local
continuous selections in underlying GFC-spaces. In Section 3 we establish the-

orems on collectively fixed points and collective coincidence points by using the



continuous selection assertions of the preceding section. In the final Section 4
a weakly T-KKM theorem is demonstrated in GFC-spaces and applied to get
minimax inequalities of Ky Fan’s type.

We use only standard notations. If X is a topological space and C, D C X,
intC, intpC', and C* stand for the interior, interior in D and complement of C,
respectively. N and R denote the set of the natural numbers and that of the real
numbers, respectively. (A) stands for the set of all nonempty finite subsets of a
set A. For n € N, A, stands for the n-simplex with the vertices being the unit
vectors eq, ..., e, of a basis of R"*!. Recall that a multivalued map F: X — Y
between two topological spaces is called upper semicontinuous (shortly u.s.c.) at
x € X if for any open subset U C Y containing F'(x), there is a neighborhood V'
of z such that F(z') C U for all 2/ € V. A function f: X — RU{—o0,+0o0} is
said to be u.s.c. at z € X if

hmsupm’—»xf(x,) < f($)

Definition 1.1 (classical) Let X and Z be topological spaces, G : Z — 2% be a
multifunction.

(i) A (single-valued) continuous map g : Z — X is called a continuous selec-
tion of G if g(z) € G(z) for all z € Z.

(ii) If, for each z € Z there are a neighborhood V of z and a (single-valued)
continuous map ¢ : V. — X such that ¢g(z) € G(z) for all z € V| then G is said

to be locally continuously selectionable.

Definition 1.2 ([14]) (i) Let X be a topological space, A be a nonempty set and
® be a family of continuous mappings ¢ : A,, — X, n € N. Then a triple (X, A, D)
is said to be a generalized finitely continuous topological space (GFC-space in
short) if for each finite subset N = {ayg, a1, ..., a,} of A, there is pn : A, — X of
the family ®. (Later we also use (X, A, {¢n}) to denote (X, A, ®).)

(i) Let S : A — 2% be a multivalued mapping. A subset D of A is called
an S-subset of A if, for each N = {ag, a1, ...,a,} C A and each {a;,, a;, ..., a;, }
N N D, one has on(Ag) € S(D), where Ay is the face of A, corresponding to
{aiy, aiy, ..., a;, }, i.e. the simplex with vertices e;,, ..., €;,. (Roughly speaking, if

D is an S-subset of A then (S(D), D, ®) is a GFC-space.)

Definition 1.3 Let (X,A,®) be a GFC-space and Y be a nonempty set. Let
T:X —2Y, F:A— 2Y be two set-valued mappings. F is called a weakly KKM
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mapping (KKM mapping, respectively) with respect to 7', shortly, weakly 7-
KKM mapping (T-KKM mapping, respectively), if for each N = {aq, ..., a,} C A,
each {a;y,...,a;,} € N and = € pn(Ag), T(z) N U?:o F(a;,) # 0 (T(en(Ar)) €
U?:o F(ay;), respectively).

2 Continuous selection theorems

Theorem 2.1 Let Z be a normal (topological) space, (X, A,{¢n}) a GFC-space
and G : Z — 2X. Assume that there is F : Z — 24 such that the following
conditions hold

(i) for each z € Z, each N = {ag,...,an} C A and each {a,,...,a;,} C
NN F(z) one has on(Ax) C G(2), where Ay, is the simplex formed by e, ..., €, ;

(ii) Z = U, intF'~Y(a;) for some {ag, ...,am} C A.

Then G has a continuous selection g of the form g = o1 for some continuous

maps ¢ : A, — X and Y 1 Z — A,

Proof By (ii) and the normality of Z, there exists a continuous partition of unity
{ah;} 1, of Z associated with the finite open cover {int F'~!(a;)}™,. Then, for each
zeZyie J(z):={j€{0,...,m}:¢;(z) # 0} only if z € intFF*(a;) C F(z), i.e.
a; € F(z). Hence {a; : i € J(2)} C {ag,...,am} N F(z). On the other hand, due
to the GFC-space structure, there is ¢p : Ay — X associated with {ao, ..., }-

Now we define ¢ : 7 — A, and g : Z — X as follows:

m

P(z) = Z Vi(2)es,

9(2) = (ear 0 9P)(2).

Then v and g are obviously continuous. Furthermore, for all z € 7,

Z’wz(Z)GZ = Z 77[)]‘(2)6]' & AJ(Z)
=0 jeJ(2)

Hence, for all z € Z,

9(2) = (pm oY) (2) € om(As)) € G(2),

where the last inclusion is true by (i). Finally, putting ¢ = ¢ we arrive at the

conclusion.



Remark 1 Theorem 2.1 contains Theorem 2.1 of [10] as a special case for the
FC-space setting and hence several earlier results like Proposition 1 of [5] and
Theorem 2.2 of [25] for other space settings, etc. We will see in Example 2.1
below that the GFC-space setting of Theorem 2.1 not only generalizes the men-
tioned settings but also has real advantages. Furthermore, Theorem 2.1 improves
Theorem 2.1 of [10] since Z is not necessary compact. This is also illustrated by

Example 2.1.

Example 2.1 Let Z = (0,4), X =[0,4+00) and G : Z — 2% be defined by

0 if z e (0,1],
Gle) = 0,1 if z € (1,2],
1,2] if 2 € (2,3),
0,2] i z € [3,4)

Applying Theorem 2.1 for finding a continuous selection of G' we choose A = N
and, for N = {ag,...,an} € (4), oy : A, — X defined by pn(e) = >0 Nias,
where e = Y Ne; € A, Then, (X, A, {on}) is a GFC-space. Next, we take
F : Z — 24 defined as follows

0 if z€(0,1),
(0,1} if z€[1,2),
(1,2} if z€[2,3),
2 if z€[3,4).

F(z) =

Then, assumption (i) of Theorem 2.1 is easily checked to be fulfilled. For (ii) we
see that, for a; =i,1 =0,1, 2,

2

Z=(0,2)U(1,3)U(2,4) = | JintF(a).

i=0
By this theorem G has a continuous selection g. But Theorem 2.1 of [10] cannot
be employed as Z is not compact. Now we compute g by finding ¢ : 7 — A,
as @y corresponding to a; = 4,72 = 0,1,2 is already known. We can verify
that a continuous partition of unity associated with the above cover of Z is
{;}2, : Z — [0,1] defined as follows:

1 if z € (0,1],
Yo(z) =14 2—2 if z€(1,2),

0 if elsewhere.



z—1 if z € (1,2],
Pi(2) =4 3—2z if 2€(2,3),

0 if elsewhere.

z—2 if z € (2,3],
Pa(2) = 1 if z€(3,4),

0 if elsewhere.

According to the proof of Theorem 2.1, for z € Z,

2

V() =Y til2)er = (to(2), 41 (2), ¥a(2))

=0

and hence g is defined by

0 if z € (0,1],
9(2) = (pmo)(2) =< z—1 if z€(1,3),
2 if z€[3,4).

We can also verify directly that g is a continuous selection of G.
Condition (ii) of Theorem 2.1 can be modified as follows.

Theorem 2.2 Let Z be normal, (X, A,{¢on}) a GFC-space and G : Z — 2X.
Assume that there is F : Z — 24 such that the following conditions hold

(i) for each z € Z, each N = {ag,...,an} C A and each {a,,...,a;} C
NN F(z) one has pn(Ar) € G(2);

(ii,) for each nonempty compact subset K of Z, one has K C |J,c,intF" " (a);

(ii,) there exists a finite subset {ay, ..., am } of A such that either of the follow-
ing statements holds

(ily) Ny (int F=(a;))¢ is nonempty and compact;

(iig) Z\ K C ", intF~(a;) for some nonempty compact subset K of Z.

Then G has a continuous selection g of the form g = potp, where ¢ : A,, — X

and v 1 Z — A, are continuous.

Proof Note that (ii}) implies (ii3). Hence we need to prove the theorem only

for the latter. In view of (i), for the compact subset K provided by (ii3),



there exists a finite subset {ao, ...,4;} of A such that K C Ué:o intFF~1(a;). Set

{&0, ...,C~Lh} = {C_LO, ...,(_lm,do, ...,dl} we have
h
Z=(Z\K)UK = JintF ().
=0

Thus, the assumption (ii) of Theorem 2.1 is fulfilled and we are done. O

Remark 2 (i) Theorem 2.2 generalizes Theorem 2.1 of [6], Theorem 3.1 of [7],
Theorem 2.2 of [9], and Theorem 1 of [26], since being an L-convex space or G-
convex space is a special case of being a GFC-space and each paracompact space
is also a normal space.

(i) It is known that each compact Hausdorff space and each paracompact
space are normal. If Z is a compact Hausdorff space, of course assumption (ii)
of Theorem 2.1 (assumptions (ii;)-(iiz) of Theorem 2.2) can be replaced by the
weaker condition that Z = J,., intF~*(a). For paracompact spaces, Theorem
2.3 below asserts only the existence of a local continuous selection under this

weaker condition.

Theorem 2.3 Suppose Z is a paracompact space, (X, A, {on}) a GFC-space and
G : Z — 2%, Assume that there is F 1 Z — 24 such that

(i) for all z € Z, all N = {ag,...,a,} C A and all {a;,,...,a;,} € NN F(z),
on(Ar) C G(2);

(ii) Z = Uyeq intEF ().

Then G is locally continuously selectionable.

Proof Let z € Z be arbitrary. By the paracompactness of Z, there is a lo-
cally finite refinement U = {U,}xea of the open cover {intF~'(a)}qeca of Z pro-
vided by (ii). Hence, for the given z, there exist its open neighborhood V' and
M = {ayy,...,ax, } € A such that 0 # V NU,, CintF (ay,) fori=1,..,m.
Corresponding to M we have ¢y : A,, — X. As any paracompact space, Z
is normal and hence there is a continuous partition of unity {1} ea associated
with the cover U. Define g : V — X by

9(2") = our ( i wAi(z')ei> :

Then, g is continuous. Furthermore, j € J(2') := {j € {0,...,m} : iy, (¢') # 0}
only if
7 € Uy, CintF '(ay,) C F ' (ay,).
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Therefore, for all 2’ € V, {ay, : j € J(2')} C F(Z'). Finally we have

= ou( Yo va(er) € en(Bun) € G()
i=0
(the last inclusion is due to (i)). Thus, g is a continuous selection of G|y . O

Remark 3 Theorem 2.3 improves Theorem 4 of [21], where the underlying space
is a G-convex space instead of a GFC-space. Observe that for a G-convex struc-
ture to be defined we need a set-valued map I' :< A >— 2% and a family of
continuous maps Py : A, — I'(N) such that ®n(Ag) C I'(Ng) for each Ny C N,
while for a GFC-space only a family of continuous maps @y : A,, — ['(NV) (with-

out additional conditions) is needed.

3 Collectively fixed points and collective coincidence points

Applying of the above results, we establish some existence theorems for collec-
tively fixed points and collective coincidence points. We precise our problems as
follows. Let I be an index set, Xj, i € I, be topological spaces, X = [],.; X;
(here and in the sequel all products of topological spaces are Tikhonov products)
and G; : X — 2%i be given multifunctions. The collectively fixed point problem

is of
(CFP) finding Z = (Z;);er € X such that z; € G;(z) for all i € I.

Let J be another index set, Y, j € J, be topological spaces, ¥ = HJGJ s
G; : X — 2% and H; : Y — 2% be given. Our collective coincidence point

problem is of

(CPP) finding (Z,y) € X x Y such that
z; € H;(y) and y; € G;(z) for all (i,j) € I x J.

Theorem 3.1 For problem (CFP), suppose that X is a normal space and (X;, A;, {©n, })ier
is a family of GFC-spaces. Assume that, for each i € I, there exists F; : X — 24
such that the following conditions hold

(i) for each x € X, each N; := {af,...,al, } € A; and each {a’
N; N Fy(x), one has ¢n,(Ay,) C Gi(z) foralli e I;

(ii) for all i € I, there exists a finite subset {af, ..., a., } of A; such that one

Jor T ]Ic}g

of the following two conditions holds



(iiy) X = Ul intF; (@) for alli € I;

(il,) for each compact subset K of X, one has K C Jyic,, intF; '(a’), and
either the set ﬂ;”zio(intFi_l(dé-))c is nonempty and compact (for each i); or there
is a nonempty compact subset K; of X satisfying X \ K; C U;’ZO intFi_l(d;) for
each 1.

Then (CFP) has solutions.

Proof For each i € I, by Theorems 2.1 and 2.2, ; has a continuous selection
gi, and there are continuous maps ¢; : A,,, — X; and ¢; : X — A,,, such
that g; = ¢; o ;. Of course A := Hiel A, is a compact convex subset of
RT :=[[,c; R™* Let p; : A — A, be the canonical projection of A onto A,,,.
We define two mappings 2 : A — X and ¥ : X — A by

Qt) =L, pilpi(t)) for all t € A,
U(z) =]];c; ¢i(x) for all x € X.

Then, 2 and ¥ are continuous and so is ¥o{2 : A — A. By virtue of the Tikhonov
fixed-point theorem, there exists ¢ € A such that (Vo Q)(¢) = ¢. Setting 7 = Q(¢)

we have

&I
Il
)

(W (z))
= Qe %4(®))

= [Lics 91 (pi(Tes 4(2))
= Tlieslpi 0 00)(@).

It follows that z; = (y; 0 ;) (Z) = ¢:(z) € G;(x) for all i € I. Hence, T is a
solution of (CFP). O

Remark 4 (i) Similarly as in Remark 2(ii), if X is compact and Hausdorff,
assumption (ii) of Theorem 3.1 can be reduced to the weaker condition that
X = UaieAiintFi_l(di) for all i € 1.

(ii) Theorem 3.1 generalizes and improves Theorem 3 of [21] (with a G-space
setting and all X; being Hausdorff and compact). Note also that when applied
to the particular case of G-space settings, Theorem 3.1 collapses to Theorem 7
of [26] and if, in addition A; = X; in the G-convex spaces involved, Theorem 3.1

contains Theorems 3.1 and 3.2 of [7].



When X is Hausdorff, without compactness or normality assumptions, prob-

lem (CFP) still has solutions with a modification of assumption (ii) as follows.

Theorem 3.2 For problem (CFP), suppose that X is Hausdorff, (X;, Ai, {¥n,})icr
is a family of GFC-spaces and, for each i € I, there exists F; : X — 24 with the
following properties

(i) for each x € X, each N; = {af,...,al, } € A; and each {a§0,...,a§ki} C
Ni N Fy(z), on,(Ar,) € Gi(z);

(ii') for each compact subset K of X and eachi € I, K CJyicy, int £, (a');

(ii”) for each i € I, there exist a multimap S; : A; — 2%, a nonempty subset
AY of A; such that ﬂaieA?(intFjl(ai))c is compact or empty and that, for each
finite subset M; of A;, there is an S;-subset Ly, of A;, containing AY U M;, with
Si(Lag,) being compact.

Then (CEFP) has a solution.

Proof For i € I setting K; := () ,ic0(intF; *(a’))¢ we have
X\ Ki = Ugic a0 mtF; ().

As K; is compact, by (ii") Ki C U,ieq, intF; *(a’), and hence there is a finite
subset M; of A; such that K; C U,icyy, int ;- *(a’). Then, if K; is nonempty,

X = (X\K) UK; = Ugicaoon, mtF; ' (a').
If K; is empty then, for all finite subset M; of A;,

X = UaieAg intFy (o) = UaiGA?UMi intF; " (a’).

Thus, the equality occurs for the finite subset M; of A; and all ¢ € I. Hence

X= |J itF(a"). (3.1)
ai€La,
Observe that the family {(S;(Lnas,), Lo, ¢n;) Fier is a family of GFC-spaces. We
set Xnsr = [ L,y Si(Lag;) (then Xy is compact and Hausdorff and hence normal)
and, for each ¢ € I, define two new mappings Gi: Xar — 250a) and Fy : Xy —
25; a5 follows

Gi(x) = Gi(z) N Si(Lay,),

Fy(x) = Fy(x) N Lyy,.
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We check assumptions (i) - (i) of Theorem 3.1 for G; and F;. By (i) and the
definition of S;-subsets, for each € Xy, each N; = {af), ..., al, } C Ly, and each
{a%,...,a5, } S N;N Fy(x) = N; N Fy(z) N Ly, we have

on,(Ar) € Gi(x) N Si(Lar,) = Gi(x)

as required in assumption (i) of Theorem 3.1. For (ii;), by (3.1) we have, for each

iel,
Xor = (Upienyy, 0t (@) 0 Xar = Ugeey,,, it (F70) 0 X )
On the other hand, for all a’ € Ly,

Fla) ={z e X |d € Fi(z)} N Xy = F Ha") N Xy

7

Hence Xur = Uyicy,, intx,, F*(a?). Since X, is compact, there exists a finite
subset {af, ..., aj,, } of Ly, satistying X = U int,, F'~1(al), ie. (iiy) of The-
orem 4.1 is satisfied. According to this theorem, problem (CFP) for {G;}:c; has

a solution, which is also a solution of problem (CFP) for {G,}ics. O

Remark 5 (i) Note that, for a topological space X, a set A and F' : X —
24 if F(z) # 0 for all z € X and F~!(a) is open for all @ € A, then X =
U,c4intF ! (a), but the converse is not true (see e.g. Example 2.1 in the preceding
section). Theorem 2.1 of [19] asserts the existence of a collectively fixed point for
problem (CFP) for convex sets and topological vector spaces, a special case of
GFC-spaces. Applied to this special case, Theorem 3.1 sharpens that Theorem
2.1 since we require the latter (weaker condition) in the above implication and
that theorem imposes the former.

(ii) Theorem 3.2 includes Theorem 3.4 for underlying FC-spaces of [9], Theo-
rem 3 with a G-convex structure of [21], Theorem 1 for convex subsets of topolog-

ical vector spaces in [1], since our GFC-space setting contains all these structures.

The following obvious corollary about a fixed point will be used to prove a

weakly T-KKM theorem in Section 4.

Corollary 3.1 Let X be a compact Hausdorff space, (X, A, {pn}) a GFC-space
and G : X — 2X. Suppose that there exists F : X — 24 satisfying the following

conditions
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(i) for each x € X, each N = {ag,...,an} C A and each {a;,,...,a;,} C
NN F(x), pn(Ag) C G(x);

(ii) either of the following two conditions (iiy)- (ilg) holds

(ii,) there exists a finite subset {ag, ..., am } of A such that X = J;" jint F'~*(a;);

(iiy) for each compact subset K of X, K C J,c,intF~'(a), and one of the
following three statements is true

(iiy) there exists a finite subset {ao, ..., m } of A such that the set (1, (int F~(a;))°
1s monempty and compact,

(iig) there are a finite subset {aq, ..., am} of A and a nonempty compact subset
K of X with X \ K C -, intF(a;);

(iig) there exist a multimap S : A — 2%, a nonempty subset Ay of A such that
MNaca, (int F=Y(a))¢ is compact or empty and that, for each finite subset M of A,
there is an S-subset Lys of A containing Ag U M with S(Lys) being compact.

Then there ezists & € X such that & € G(Z).

Now we pass to problem (CPP) about collective coincidence points.

Theorem 3.3 For problem (CPP), suppose that X is a normal space, { X;, Bj, {1n;})jes
and (Y;, Ai, {on, }ier are two families of GFC-spaces and, for each (i,j) € I X J,
there exist F; : X — 2Bi and T, : Y — 24 with the following properties

(i) for each x € X, each N; = {b%,...,bﬁbj} C B, and each {b{o,...,b{k]_} C
N; NV Fj(x), ¥, (Ax,) € Gi(x);

(ii) for each y € Y, each N; = {aj,...,al, } € A; and each {afo,...,afki} C
NiNTi(y), e (Ar,) € Hily);

(iii) there are finite subsets {ap, ..., ay, } of Ai and {by,...,b}, } of B; such that
X = Uit F ) and Y = Uit (@)

Then there ezist solutions of (CPP) .

Proof For each j € J, by (i), (iii) and Theorems 2.1, G; has a continuous selection
g;i + X — Y, and hence we obtain a continuous map g : X — Y defined by
9(z) = [l e, 9i(x). For each i € I, define two new multimaps @Q; : X — 2% and
P;: X — 24 by setting

Qi(x) = Hy(g(z)),

Fi(x) = Ti(g(x)).

12



We see from (ii) that, for each € X, each N; = {aj,...,a}, } C A; and each
on,(Ar,) € Hi(g(z)) = Qi(x).
while from (iii) we obtain a finite subset {af, ...,al, } of A; such that

Y = JintT; (@)

=0

It follow that
X =g7'(Y)
=g~ (U intT;7 (@)
= U9t (intTi_l(d}'))
= Uy int (9717 (a)))
= Uy int Py (af).

Now that the assumptions of Theorem 3.1 hold for Q); and P, it yields an x € X
such that, for all i € I,

T € Qi(2) = Hi(g(2)).
Setting ¥ = ¢(Z) one sees that, for all (i,j) € I x J, &; € H;(y) and y; € G;(Z).
Thus, (Z,y) is a solution of (CPP). O

Remark 6 Theorem 3.5 of [9] for an FC-space structure and Theorem 8 of [26]
for convex subsets of topological vector space setting are special cases of Theorem

3.3 (in [26] additional compactness assumptions are imposed).

Without the normality of X but with X; being Hausdorff topological spaces
for all i € I, we can modify assumption (iii) in Theorem 3.3 to keep the solvability
of (CPP) as follows.

Theorem 3.4 For problem (CPP), suppose that X, B, ¥n, )jes and (Y, Ai, ©n;, )ier
are two families of GFC-spaces and, for each (i,7) € I x J, X; is a Hausdorff
topological space. Assume further that there exist Fy : X — 2Bi and T; : Y — 24

possessing the following properties

13



(i) for each j € J, each x € X, each N; = {bg,...,bj,} C B, and each
(bt } © N, N E(w) ome has b, (Av,) € G (a);

(ii) for each i € I, each y € Y, each N; = {a},...,a’ } C A; and each
{aiy, - aj, } S NinTi(y), on,(Ax,) € Hily);

(iit') for each (i, j) € IxJ, X = Uyep, it F; N (07) and Y = yic o, int Ty (a');

(iii”) there exist a multimap S; : A; — 2%i, a nonempty subset A? of A; such
that ﬂaieA? (intT; *(a%))¢ is compact or empty and that, for each finite subset M;
of A;, there is an S;-subset Ly of A; containing AY U M; with S;(Lyy,) being
compact.
Then (CPP) has a solution.

Proof For i € I setting Ki := () (int7; *(a'))° we have

al€A?
YA K = Uy intT, )

As K is compact and has open cover {intT} '(a’)}4ica, by (iii’), there is a finite
subset M; of A; such that Ki C J,icy,, intZ; ' (a’). Then, if K3 is nonempty,

Y = (Y \K{) UK = Ugicaoon, int7T, ' (a?),

while if Ki is empty, for any finite subset M; of A; one has

Y = Uyicao intT; ! (af) = Udicaouns, intT; *(a?).

Therefore, Y has an open cover:

Y= |J mntT7'(a)
ate ADUM;
and hence, by (iii”),
Y= |J mtT; ' (a). (3.2)
ateLy,
On the other hand, observe that {(S;(Las,), Las,, ¢n,) bier is a family of GFC-
spaces and Xy := [],c; Si(Lay,) is compact and Hausdorff hence a normal space.
For each j € J, to apply Theorem 2.1 for G; := G,|x,, : Xy — 2% and Fj :=
Filx,, : Xu — 257 we see that its assumption (i) is satisfied by (i) of Theorem

4.4 and the definition of S;-subsets. For (ii) we have

Xu € | intF; ' () N Xy

bJ GBj
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= | intx,, (F;' () N Xy)
bjGBj

= | intx, F;' ().

bjEBj
Due to the compactness of X, from this we can extract a finite cover as (ii)
desires. Thus, éj has a continuous selection g; : Xpr — 2% and so we obtain
a continuous map ¢ : Xy, — 2V defined by g(z) = (g;());es. For each i € I,

define two new mappings Q; : Xy — 2% and P, : X, — 2™ as follows
Qi(x) = Hi(g(x)) N Si(L,),

Pi(x) = Ti(g(x)) N L,

Now we verify assumptions (i) and (ii;) of Theorem 3.1 for @); and P,. Similarly
as checking (i) of Theorem 2.1 but now by (ii), we have, for each = € X}, each
N; ={af,...,a}, } C Ly, and each {a] ,...,a; } € N;NPy(x) = N;NT;(g(x))NLay,,

on (Ar,) € Hi(g(x)) N Si(L,) = Qi)
as required. Now for (ii;) of Theorem 3.1, by (3.2) we have, for each i € I,
X =g 1Y)
=97 (User,, mty T (a))
= Usicra, gt (intyT;‘l(ai))
= Unery, intxy (9727 @)

= UaiELMi intXM Pi_l(ai)

and the compactness gives from this a finite cover for X, as (ii;) requires. Ac-

cording to Theorem 3.1 an & € Xj; C X exists such that, for all 7 € I,
Ti € Qi(7) = Hi(g(7)) N Si(Lag,) € Hi(g(T)).

Set § = g(Z) = (9;(Z))jes. Then, &; € Hy(7) and g; € G;(Z) C G4(z) for all
(1,7) € I x J. Thus, (z,y) is a solution of (CPP). O

Remark 7 Theorem 3.4 contains Theorem 3.1 of [10] for a FC-space setting and

Theorem 3.6 of [9] for a convex subset setting as special cases.
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4 Weakly T-KKM theorems and minimax inequalities

In this section, using results in Section 3 we establish a weakly T-KKM theorem

and then apply it to minimax inequalities.

Theorem 4.1 Let X be a Hausdorff space, (X, A, {on}) a GFC-space, Y a
nonempty set, T : X — 2¥ and H : A — 2¥. Assume that

(i) H is a weakly T-KKM mapping;

(ii) for each a € A, the set {x € X : T(x) N H(a) # 0} is closed.

Then the following statements hold

(i) if, additionally, X is compact, then there exists a point T € X such that
T(z)N H(a) # 0 for each a € A;

(ii) for each finite subset N = {ay,...,a,} of A, there exists a point T €
on(A,) such that T(Z) N H(a;) # 0 for eachi € {0,1,...,n}.

Proof (i) Reasoning ad absurdum, suppose, for each x € X there exits a € A
such that T(x) N H(a) = 0. Define F: X — 24 and G : X — 2¥ by

F(x)={a€ A|T(x)N H(a) =0},
Gz)={2 € X |Ja € F(z), T(z') N H(a) # 0}.

We use Corollary 3.1 for G and F. Clearly F' has nonempty values. For each
a € A, F7l(a) = {z € X : T(z) N H(a) = 0} is open by (ii). Hence X =
U,eaintF ' (a) and then assumption (ii;) of Corollary 3.1 is satisfied by the
compactness. Furthermore, G has no fixed point. Indeed, if x € G(z) then
there is a € F(x) such that T'(z) N H(a) # () contradicting the definition of
F. Therefore, assumption (i) of Corollary 3.1 must be violated, i.e. there are
© € X, N ={ag,..,an} € A and Ny = {as,...,a;,} € N N F(&) such that
ox(Ar) € G(). Then there must be an T € ¢y (Ay) which does not belong to
G(2), i. e. for each a € F(#) we have T(z)NH(a) = (). Hence T(z)NH(N;) = 0.
On the other hand, since H is a weakly T-KKM mapping and = € ¢x(Ay), we
get T(z) N H(Ny,) # (). By this contradiction we are done.

(ii) Let N = {ao, ..., a,} be any finite subset of A. Each M = {a,,...,a;,} C
N corresponds to the continuous map ¢ = ©n|a,, : Am — ©n(4A,). Therefore,
(on(An), N, {par}) is a GFC-space. Set H := H|y and T := T, (a,). We claim
that H is a weakly T-KKM mapping. Indeed, for all M = {a,,,...,a;,} € N,
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all My, € M and all 2 € ¢y (M) C on(Ag), one has T(x) N H(M,,) = T(z) N
H(My) # 0 (as H is a weakly T-KKM mapping).

As pn(A,,) is compact, applying statement (i) to GFC-space (on(Ay), N, {¢m})
with H, T replaced by H, T' we complete the proof. O

Remark 8 (i) Theorem 2 of [2] with underlying G-convex spaces and Theorem
3.3 of [23] for a FC-space setting are special cases of Theorem 4.1, since these
spaces are also GFC-spaces. The proofs in [2, 23] are based on extensions of
Ky Fan’s matching theorem to these spaces. In our proof we apply Corollary
3.1, a consequence of our results in the Section 2 on continuous selections and in
Section 3 on collectively fixed points. As far as we know this is the first time that
selection theorems and collectively fixed point theorems are explicitly related to
weakly KKM theorems.

(ii) If X and Y are topological spaces, A is a set, T : X — 2 is usc and
H : A — 2Y has closed values, then the set {z € X : T(z) N H(a) # 0} is closed

for each a € A. The following example shows that the converse is not true.

Example 4.1 Let X = [-2,2], Y =R, A=N,T: X - 2Y and H: A — 2¥ be
defined by

ﬂ@:{@ﬂﬁx—L

[0,1] otherwise,
H(a) = (0,3).

Moreover, if for any N = {ao,...,a,} € (A), we define oy : A, — [0,1] as
the canonical projection on the first coordinate axis (among n + 1 axes), then
{r e X :T(x)NH(a) # 0} is closed for all a € A. But T'(.) is not uw.s.c and H(.)
is weakly T-KKM but not closed-valued. Consequently, applied to the special
case where A = X and Y is a topological space, Theorem 4.1 improves Theorem
3.4 and 3.6 of [23].

Now we apply Theorem 4.1 to minimax inequalities of the Ky Fan type. Let
X be a Hausdorff space, (X, A, {¢n}) a GFC-space, Y a topological space, T :
X —2Y fiAXY - RU{-o00,+o0}and g: X x Y — RU {—o00, +00}.

Definition 4.1 Let A € R. f is called (A, T, g)-GFC quasiconvex if for each
x € X each y € T(x), each finite subset N = {aq, ..., a,} of A and each N} =

{aiy, ..., a;, } € N one has the implication
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flai;,y) < Aforall j=0,.., k& implies g(2',y) < A for all 2’ € pn(Ay).

For A € R, define 3 € R and H, : A — 2¥ by

ﬁ: inf sup g('ray)?
rzeX yeT(z)

Hy(a) ={y €Y : f(a,y) > A}.

Lemma 4.1 For A < 3, if f is (\,T,9)-GFC quasiconvezr then Hy is a weakly
T-KKM mapping.

Proof Suppose to the contrary that there exist a finite subset N = {aq, ..., a,}
of A, Ny = {aiy,...,a;,} € N and & € on(Ax) such that T(z) N Hy(N) = 0.
Then for all y € T'(z) and j = 0,....k, f(a;;,y) < A. By the (AT, g)-GFC
quasiconvexity of f, one has g(a’,y) < A for all 2’ € py(Ax). Then, g(z,y) < A
for all y € T'(z). Hence supyerz)9(Z,y) < A, contradicting the fact that A < 3.
O

Theorem 4.2 Assume that T and f(a,-) are u.s.c and f is (A\,T,g)-GFC qua-
siconvex for all X < [ sufficiently close to 3. Then the following statements
hold

(i) if, in addition, X is compact then

inf:cEX SupyET(z) g($7 y) S SUP,ex infaEA SupyeT(z) f(aa y)7

(ii) infrex SUpyepe 9(7,¥) < infye(a) SUPLepy(a,) Milaen SUPyer () f(a,Y)-

Proof Let A\ < (8 be arbitrary. By Lemma 4.1, H) is weakly T-KKM. Moreover,
since f(a,-) is usc, Hy has closed values. Therefore, the set {z € X | T'(z) N
Hy(a) # 0} is closed for all a € A (see Remark 8(ii)).

(i) According to the Theorem 4.1(i), we have an £ € X such that 7'(z) N
Hy(a) # 0 for each a € A. Then

A< infaEAsupyET(i)f(a’ y)

and hence
A< SupxeXinfaeAsupyeT(:c)f(aa y).

Since A < [ is arbitrary, the statement is proved.
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(ii) By Theorem 4.1(ii), for each N € (A), there exists a point = € oy (A,)
such that T'(z) N Hy(a) # 0 for each a € N. Consequently,

A <min sup f(a,y),
aeN yeT (%)

whence, for each N € (Y),
A< sup min sup f(a,y).
zepn (An) “EN yeT(z)

This implies that

A< inf sup min sup f(a,y).
Ne(A) zepn (An) 9€EN yeT(z) ( )

Since A < 3 is arbitrary, we are done. O
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